Malaysian Journal of Mathematical Sciences 10(S) March : 155-166 (2016)
Special Issue: The 10th IMT-GT International Conference on Mathematics, Statistics and its
Applications 2014 (ICMSA 2014)

MALAYSIAN JOURNAL OF MATHEMATICAL SCIENCES

S ERTRTOR Journal homepage: http://einspem.upm.edu.my/journal

N\

Chromaticity of 6-bridge Graph 6(3, 3, b, b, ¢, ¢)

Nor Suriya Abd Karim *“and Roslan Hasni

'Department of Mathematics, Faculty of Science and Mathematics,
Universiti Pendidikan Sultan Idris, 35900 Tanjung Malim, Perak, Malaysia

2School of Informatics and Applied Mathematics,
Universiti Malaysia Terengganu,
21030 Kuala Terengganu, Terengganu, Malaysia

E-mail: yaya kulaan@yahoo.com

*Corresponding author

ABSTRACT

For a graph G, let P(G, A) denote the chromatic polynomial of G. Two graphs G and
H are chromatically equivalent (or simply y-equivalent), denoted by G ~ H, if P(G,
A) = P(H, V). A graph G is chromatically unique (or simply x-unique) if for any
graph H such that H ~ G, we have H = G, that is, H is isomorphic to G. In this
paper, the chromatic uniqueness of a family of 6-bridge graph is determined.

Keywords: Chromatic polynomial, chromatically unique, 6-bridge graph.

1. Introduction

All graphs considered here are finite and undirected graphs. For a
graph G, let P(G, L) denote the chromatic polynomial of G. Two graphs G
and H are chromatically equivalent (or simply y-equivalent), denoted by G
~H, if P(G,A) =P(H,X). A graph G is chromatically unique (or simply -
unique) if for any graph H such that H ~ G, we have H =G, i.e, H is
isomorphic to G. For each integer k > 2, let 6, be a multigraph with two
vertices and k edges. Any subdivision of 6y is called a multi-bridge graph or
a k-bridge graph. Let N denote the set of natural numbers. We denote 0(a;,
a, ..., a) Where a;, a, ... ,ax eN and a; < a,< ... < a be a graph
obtained by replacing the edges of 6, by paths of length ai;, a,, ... , ax,
respectively, as in Figure 1.
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Figure 1: k-bridge graph. Figure 2: 6(3,3,b,b,c,c)

The study on the chromaticity of k-bridge graph have been done by
several researchers (see Koh and Teo (1990), (1997); Dong et al. (2005)).
A 2-bridge graph is simply a cycle and it is x-unique (Chao and Whitehead
Jr. (1978)). A 3-bridge graph of the form 0(1, a,, as) is called 6-graph and
3-bridge graph of the form 6(ay, a,, as) is called generalized 6-graph. These
graphs are y-unique (Chao and Whitehead Jr. (1978); Loerinc (1978)).
Later on, Xu et al. (1994) and Chen et al. (1992), solved the chromaticity of
4-bridge graph. The chromaticity of 5-bridge graphs have been solved
completely (Bao and Chen (1994), Li (2008), Li and Wei (2001), Khalaf
(2010), Khalaf and Peng (2009a) and Khalaf et al. (2010)). Recently,
Khalaf and Peng (2010), proved that 6-bridge graph 6(ay, ay, ... , @) where
ay, a, ... , ag are assumed exactly two distinct values is x-unique. More
result on the chromaticity of 6-bridge graph 6(a;, a,, ... , @) can be
obtained in some papers (Khalaf (2010)), Khalaf and Peng (2009b),
(2009c)). So far, the problem of chromaticity on 6-bridge graph is still not
completely solved. In this paper, we investigate the chromaticity of a
family of 6-bridge graph of the form 6(3,3,b,b,c,c) where 3 < b < c (see
Figure 2).

2. Preliminary Results
In this section, we give some known results used in this paper.

Theorem 1. For k > 4, 6(ay, ay, ..., &) is y-unique if k-1 <a; < a,<...< a
(Xu et al. (1994)).

For each positive integer h, the graph G(h) is obtained from G by replacing
each edge of G by path of length h, respectively and is called the h-uniform
subdivision of G. Then, 0,(h) is the h-uniform subdivision of 6.

Theorem 2. For k > 2, the graph 6,(h) is x-unique (Xu et al. (1994)).

Theorem 3. If2 <a;<a,<...<ac< a,+a,, where k > 3, then the graph 6(ay,
ay, ..., &) is x-unique (Dong et al. (2004)).
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Theorem 4. Foranyk, a;, a,, ..., akeN,

Q(b(a,a,,..,a,),X) = xﬁ(xa* -1 —ﬁ(xal —X)  (Dong et al. (2004)).

Theorem 5. For any graphs G and H,

i) IfH~G,then Q(H,X) = Q(G,x),
ii) 1If Q(H,x) = Q(G,x) and v(H) = v(G), then H ~ G (Dong et al. (2004)).

Theorem 6. Suppose that 6(ay, a,, ..., &) ~ 0(by, b, ..., by), where k>3, 2
< <a<..<g and 2 < blf bsz bky, then aj= bi forall i = 1,2,..., k
(Dong et al. (2004)).

Suppose g¢.(0(b,,b,,...b),C, .;.-..C, ;) be the collection of edge-gluing
of B-graph and cycle graphs.

Theorem 7. LetH ~ 0(ay, ay, ..., &) where k>3 and a;> 2 for all i, then
one of the following is true:

i) H=0(ay,a,...,a&),
ii) He ge(H(bl,b2,...,bt),Cbml,...,Cb“l), where 3 <t <k-1 and b;> 2 for
alli=1,2,...,k (Dong et al. (2004)).

Theorem 8. Letk,t, by, by, ..., bkeNwith3 <t<k-land b;>2 foralli=
1,2,....k If Heg,(0@,b,...0).C, .,....C,.,) , then

Q(H,x) = xl_L[(xbi -1 —l_L[(xbl —~ x)ﬁ(xb' —-1)  (Dong et al. (2004)).

i=t+1

Theorem 9. If G ~ H, then

) v(G)=v(H),
i) e(G)=¢e(H),
i) 9(G) = g(H),

iv) G and H have the same number of shortest cycle,
where v(G), v(H), e(G), e(H), g(G) and g(H) denote the number of vertices,

the number of edges and the girth of G and H, respectively (Koh and Teo
(1990)).
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Theorem 10. A 6-bridge graph 0(ay, ay, ..., @) is x-unique if the positive
integers ay, a,, ..., agassume exactly two distinct values (Khalaf and Peng
(2010)).

3. Main Result

In this section, we present our main result.

Theorem 11. A 6-bridge graph of the form 6(3,3,b,b,c,c) where 3 <b <c
is x-unique.

Proof. Let G be a graph of the form 6(3,3,b,b,c,c) where 3< b <c. By
Theorem 3, G is y-unique if c < 6. Thus, suppose ¢ > 6 and H ~ G. Let the
lowest remaining power and the highest remaining power be denoted by
l.r.p. and h.r.p., respectively. By Theorems 6 and 7, we have three cases to

consider,  that are Heg.(0(b,b,,b,),C, ,1,C, 1,C ) Where
2<b <b, <h, and 2<b,,b;, b, (Case A) or
Heg.(0(b,b,,b;,b,),C, ;,C, ;) where 2<b <b, <b,<b, and 2<b;,b,
(Case B) or Heg.(0(b,b,,by,b,,b),C, ;) where 2<b, <b, <b, <b, <b,
and 2<b, (Case C).

Case A.  Heg.(0(b,b,,b,),C, .,,C,.1,C, 1) Where 2<b <b, <b, and

2<b,,b;,b,. By Theorem 9, we know that g(G) = g(H) = 6 and G and H
have the same number of shortest cycles. From Theorem 9,

2b+2c+6=Db +b,+b, +b, +b, +Dy, 1)

As G= 0(3,3,bb,c.c) and H e g,.(0(b;,b,,b,).C, .,.C, .,,C, ;) , We obtain
the following after simplification.

Q(G) — X2b+20+1 + 4X2b+c+4 + 2X2b+c+3 + X2b+7 + 2X2b+6 + X2b+l +4Xb+2c+4 + 2Xb+2c+3 + 4Xb+c+7
Drers AR 2XP 42X AT 4 X2 o 2%200 4 X p 2XET 4 2xC
+4XC+4 + 2X8 + X7 _(X2b+2c+2 +4X + 2X2b+c+1 + X2b+8 +3X2b+4 + 4Xb+ZC+5

+ 2Xb+20+1 +4Xh+c+8 +12Xb+c+4 + 6Xb+7 + 2Xb+1 + X2c+8 +3X2c+4 + 6Xc+7 + 2Xc+1

+ x4 %%+ 2x4

+8x
2b+c+5
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Q(H)= PP DDt by by Dy Dy tDy by By HD D HL Dyt Dy by by Dy L by by g+
B TN T B T B R S T R R BV R S S RV R
OB B2 DDl byt 2 By tbytber2 bbby b2 |y bytb
B B T L B e L Y R R v L
I I e BN Y T IV S YL S
(Xb1+b2+b3+b4+b5+1 B T R RS SV L L . SN R LS
OBl Dbty 2 bbbl bbbl b2y bisborbol g bybir2 |y bt +2
O gD B R2 Byl by bt | bytber2 byt L by bir2 |y byibor
x0T g DDt 2 byt L o byt bty r2 | bytbisborl | byt 2 |y bytbs+2

+Xb3+1+Xb4+b5+b6+1+xb4+b5+3+Xb4+bﬁ+3+Xb4+l+Xb5+b6+3+xb5+1+xb6+1+x3)

Consider the term —x® in Q(H). This term cannot be cancelled by any

positive term in Q(H). There is no term in Q(G) that equal to —x’as well
since 3 <bh <c¢. Thus, we obtain Q(G) =Q(H), a contradiction.

Case B. Heg.(0(b,b,,b;,b,),C, .;,C, ;) Where 2<b <b, <b,<b, and
2<b,,b,. By Theorem 9, we know that g(G) = g(H) = 6 and G and H have
the same number of shortest cycles. From Theorem 9,

2b+2c+6=b +b,+b, +b, +b, +Dy, (2)

As G= 6(3,3,b,b,c,c) and H e g,(0(b,,b,,b;,b,),C, ,,C, ;) , we obtain the
following after simplification.

Ql(G) — X2b+2c+1 +4X2b+c+4 + 2X2b+c+3 + X2b+7 + 2X2b+6 + X2b+1 +4Xb+20+4 + 2Xb+20+3

2c+6 2c+1
T +X

2b+c+1 2b+8
el |y 20+

2c+7

_|_4Xb+c+7 +8Xb+c+6 +4Xb+c+1 + 2Xb+9 + 2Xb+5 _|_4Xb+4 +X + 2X

2b+2c+2 2b+c+5

F 2% 12X A £ 2% 4+ X = (X +4x +2X

+3X2b+4 +4Xb+20+5 +2Xb+2c+1+4xb+c+8 +12Xb+c+4 +6Xb+7 +2Xb+l+X2c+8+3X20+4

+6x°T 2%+ X + %%+ xY)
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Q]_(H) — Xbl+b2+b3+b4+b5 + Xb1+bz+b3+b4+bs + Xh1+b2+b3+b4+1 + Xh1+b2+b5+bﬁ+1 + Xbl+b2+b5+2 + Xl)l+b2+bﬁ+2

PO Bt Do e2 o Bsbot 2 |y biebotl bbbyt el b+l +2
P Bet2 bl b3 byl | bybrl | beB by sbyety i
OB 2 by syt 2 | bysborl | by tbysbysby el | bysbysti 2 | bsbysby 2 | ybyaty el
O3 | bytborl | bybysl | Bye3 | btbysbysbo sl | bytbysbys2 bbby +2
oxOtOL | betbysbord bt d | bytbgrl | BB bytbebgrd byl bysty sl
FxP O  yid  bed (Xb1+bz+b3+b4+b5+1 xR be sy L bbby oy
PO B g2 | bybytbusl | byeby syl ey 2 | byebytbyaty 2 by ebosty ol
Pt | Btbesd Byttt 2 bbbt o bytbysbotl | bie 2 byl el
oyt B3 L biel | btbysbiabo 2 | byebytbyrl | by byt | by oy 42

oy Db 42 by btbosl by btborl | btbys2 | by sbisbysl | b3 by aboed
X g Dbttt e2 by tborl | bysby bl | bysbes2 | bbiati el boehy+3

+Xh3+bﬁ+3+Xh3+1+Xb4+b5+b5+1+Xb4+b5+3+Xb4+bﬁ+3+Xb4+l+Xb5+b6+4+xb5+l+xb6+l)

Without loss of generality, we have three cases to consider.

Case 1. bs=bg=5. Now, H has two cycles of length 6. But, we know that
H has only one cycle of length 6, a contradiction.

Case 2. bs=5, bg# 5. By Equation (2), we obtain

2b+2c+1=Db +b, +b, +b, + 1Dy, (3)

Simplifying Q (G) and Q,(H), we obtain,

Qz (G) :4X2b+c+4 +2X2b+c+3 + X2b+7 + 2X2b+6 + X2b+1 +4Xb+2c+4 + 2Xb+20+3 +4Xb+c+7 +8Xb+c+6

160

+4Xb+c+1 + 2Xb+9 + 2Xb+5 +4Xb+4 + X2c+7 + 2X2c+6 + X2c+1 + 2Xc+9 +2Xc+5 +4Xc+4 + 2X8
n X7 _ (4X2b+c+5 + 2X2b+c+1 + X2b+8 +3X2b+4 + 4Xb+2c+5 i 2Xb+2c+1 +4Xb+c+8 +12Xb+c+4
+ 6Xb+7 + 2Xb+1 + X20+8 + 3X20+4 + 6Xc+7 + 2Xc+1 + XlO + X4)

Malaysian Journal of Mathematical Sciences



Chromaticity of 6-Bridge Graph 6 (3,3,b,b,c,c)

Qz (H) — Xbl+bz+b3+b4+5 + Xbl+bz+b3+b4+1 + Xb1+bz+bﬁ+6 + Xb1+bz+bﬁ+2 + Xbl+b2+7 + Xbl"bz*l + Xh1+b3+b6+6

+ Xb1+b3+b6+2 + Xt)1+b3+7 + qusu + Xq+b4+ba+6 + me4+ba+2 + Xb1+bA+7 + Xb1+b4+l + Xbﬁbs*S
+ Xb1+b6+1 + Xbl+6 + Xbl+3 + Xb2+h3+b5+6 + Xb2+h3+b5+2 + sz+b3+7 + sz+b3+l + Xb2+b4+b5+6
+ sz+b4+b6+2 + sz+b4+7 + sz+bA+1 + sz+b6+8 + Xb2+b5+1 + Xb2+6 + Xb2+3 + Xb3+b4+b5+6

+ Xb3+b4+bﬁ+2 + Xb3+b4+7 + Xb3+b4+1 + Xb3+b6+8 + Xb3+bﬁ+l + Xb3+6 + Xb3+3 + Xb4+b6+8 + Xb4+b5+1

xS ybed L ybesb bt 0 _(XQ+b2+b3+b4+6+Xbl+b2+b3+b4 £yt ety e
by b s2 | BebsteT | Dbyl (6 | byebe2 | absbysT bttt
OBt |y B2 | B6 b3 (BB bl bysbsbyT | by styttsl by sbys6
2 by stsT by syt BysbetS by ir2 | yehes |y bysbysd |y be8 byl

+ Xb3+bA+bﬁ+7 + Xb3+b,,+b5+1 + Xb3+b4+6 + Xb3+b4+2 + Xb3+b6+6 + Xb3+hﬁ+3 + Xb3+8 + Xb3+1 + Xb4+b5+6

+Xb4+b5+3+Xb4+8+xb4+l+xbﬁ+9+xb5+1)

Compare the L.r.p. in Q,(G) and the L.r.p. in Q,(H) . We know that g(H) =

6, thus bg> 6. Then we obtain b;=3 or b,=3 orb;=3 or b,= 3.

Case 2.1. b;=3. We obtain the following after simplification.

Q3 (G) — 4X2b+c+4 + 2X2b+c+3 + X2b+7 + 2X2b+6 + X2b+1 +4Xb+20+4 +2Xb+20+3 +4Xb+c+7 +8Xb+c+6

b+c+1 b+9 b+5 2c+7 2c+1 c+9 c+5 c+4

FAXC L 20 1 xS AXP 4 xPT  2xE x4 2x0 42X 44X

+ 2X8 + X7 _ (4X2b+c+5 + 2X2b+c+1 + X2b+8 + 3X2b+4 + 4Xb+20+5 + 2Xb+20+1 +4Xb+c+8

+12Xb+c+4 + 6Xb+7 + 2Xb+l + X20+8 + 3X20+4 + 6Xc+7 + 2Xc+1 + XlO)

Q3(H ) — Xb2+b3+b4+8 + Xb2+b3+b4+4 + sz+b3+b5+6 + sz+b3+b5+2 + Xb2+b3+7 + Xb2+b3+l + sz+b4+b5+6

+ Xhz+b4+b6+2 + sz+b4+7 + Xb2+b4+1 + Xb2+bﬁ+9 + sz+b5+8 + Xhz+b5+5 + sz+h5+1 + sz+10
+ Xb2+6 + Xb2+4 + sz+3 + Xb3+b4+b6+6 + Xb3+b4+b6+2 + Xb3+b4+7 + Xb3+b4+1 + Xb3+b6+9

b, +bg+9 by +bs+8

+Xb3+h6+8 +Xb3+b6+5 +Xh3+b6+1+xb3+10 +Xb3+6 +Xb3+4 +Xb3+3+x + X

b, +bs+5 by +bg+1 b, +10 b, +6

+X +X 4 xPI0 a6y Dth | ybetS  yberll y oyberd | Dy 4 X8

_(Xb2+b3+b4+9 4D DD Byl bbbl | byby by b2
XDt byt bt | byt | byabys2 | bboH0 | by ebtS | byt d
XD B9 | y0ptB | bps5 bl | bsbitbosT | bytbyabosl | bytb+6
gDt BB HI0 | bysbot6 | o botbrd | yboaboe3 | ybot9 |y b8 L ybo¥S | yboil

b, +bg+10 b, +bs +6 by +bs +4 b, +bs +3 b, +9 b, +8

+X +X +X +X 4 XD g xPetB Ly betS bl oy

bg+1

+ x5 X
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Consider the L.r.p. in Q,(G) and the L.r.p. in Q,(H). We have b,=5 or by=
5o0rhb,=5.

Case 2.1.1. b,=5. We obtain the following after simplification.

Q4 (G) — 4X2b+c+4 + 2X2b+c+3 + X2b+7 + 2X2b+6 + X2b+1 +4Xb+2c+4 + 2Xb+2c+3 +4Xb+c+7

b+c+6 b+c+1 b+9 b+5 2c+7 2c+1 c+9 c+5

+8XPEHE L 4P Dty DS L AP L x2S 4 2% X2 4 20 42X

+4Xc+4 + X8 + X7 _ (4X2b+c+5 + 2X2b+c+1 + X2b+8 +3X2b+4 +4Xb+Zc+5 + 2Xb+20+1

+4Xb+c+8 +12Xb+c+4 +6Xb+7 + 2Xb+1 + X20+8 +3X2c+4 +6Xc+7 + 2Xc+l)

Q4(H) — Xb3+bA+b6+6 + Xb3+b‘,+b5+2 + Xh3+b4+13 + Xb3+b4+9 + Xb3+b4+7 + Xb3+b4+1 + Xb3+b5+11 + Xb3+b6+9
+ Xb3+b6+8 + Xb3+b6+7 + Xb3+b6+5 + Xb3+b6+1 + Xb3+12 + Xb3+10 + 2Xb3+6 + Xb3+4 + Xb3+3

b, +bs+11 b, +bs+9 b, +bs+8 by +bg+7 b, +bs+5 by +bg+1 b, +12 b, +10 b,+6

+X +2X
+Xb4+4+xb4+3+xb6+14 +Xb5+13+xb5+10+xb5+6+2Xb5+4+X15+3X9_(Xb3+b4+h6+7

+ Xb3+b4+bs+l + Xb3+b4+l4 + Xb3+b4+8 + Xb3+b4+6 + Xb3+b4+2 + Xb3+b5+12 + Xb3+bs+10 + 2Xb3+b6+6

+X +X +X +X + X +X +X

b;+9 by +bg+12 b, +bs+10

A G G AT A
b, +11

+ Xb3+b6+4 + sz+b6+3 + Xh3+11 +X + X

by +bg+6 b, +bg+4 by +bg+3 by +9 b, +8 by +7 by+5

+2X +X 4 X2 xhs

bs+8

+X
bg+1

+X +X +X +X +X

b +9

+3x%79 4 %8 B x4 g X8

Considering the L.r.p. in Q,(G), we have b =6 or c = 6.

Case 2.1.1.1. b =6. Since the term —x""* has coefficient 2, then there is
one term in Q,(H) that equal to —x’. Then we have b;= 6 or b,= 6 or bg=
6.

Case 2.1.1.1(a). If bz= 6, by Equation (3), 2c = b,+bg+1. We obtain b,=7
or bg=7. If by=7, then we have Q,(G) = Q,(H), a contradiction. If bg=

7, then Q,(G) #Q,(H), a contradiction.

Case 2.1.1.1(b). If by
contradiction.

6, similar to Case 2.1.1.1(a), we obtain a

Case 2.1.1.1(c). If b
contradiction.

6, similar to Case 2.1.1.1(a), we obtain a
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Case 2.1.1.2. ¢ =6. For the same reason as in Case 2.1.1.1, we have b;=6
or b,=6 or bg= 6.

Case 2.1.1.2(a) . If bg= 6, by Equation (3), 2b = bs+bg+1. Then, we obtain
Q,(G) = Q,(H) after simplification, a contradiction.

Case 2.1.1.2(b). If b,
contradiction.

6, similar to Case 2.1.1.2(a), we obtain a

Case 2.1.1.2(c). If bs
contradiction.

6, similar to Case 2.1.1.2(a), we obtain a

Case 2.1.2. b3=5. Then we obtain the following after simplification.

Q5 (G) — 4X2b+c+4 + 2X2b+c+3 2b+7 + 2X2b+6 2b+1 +4Xb+20+4 + 2Xb+2c+3 +4Xb+c+7 8Xb+c+6

b+c+l b+9 b+5 b+4 Zc+7 2c+6 Zc+1 c+9 c+5 c+4 8

+4x +2X77 42X + 4% +2X +2X77 + 2% +4X

+ X7 _(4X2b+c+5 +2X2b+c+l 2b+8 +3X2b+4 +4Xb+20+5 2Xb+2c+l +4Xb+c+8 +12Xb+c+4

b+7 b+1 2c+8 2c+4 c+7
+3X

+2X +6X" +2X

+6X oy

Qs(H) — Xb2+b4+b6+6 + Xb2+b4+bﬁ+2 + sz+b4+13 + Xb2+b4+9 + Xb2+b4+7 + Xb2+h,,+1 + Xb2+b5+11 + Xb2+b5+9
+ sz+b6+8 + Xb2+b6+7 + Xb2+b6+5 + sz+b6+1 + sz+12 + Xb2+10 + 2sz+6 + Xb2+4 + Xh2+3 + Xb4+b6+11

+ Xb4+b6+9 + Xb4+b6+8 + XbA+b5+7 + Xb4+h6+5 + Xb4+b6+1 + Xb4+12 b, +10 + 2Xb4+6 b, +4 + Xb,,+3

+ Xb5+14 + Xb5+13 + Xb5+10 + Xb5+6 + 2Xb5+4 + XlS +3X9 _(Xb2+b4+b5+7 + Xb2+b,,+b5+1 + Xb2+b4+14

+ sz+b4+8 + Xb2+b4+6 + sz+b4+2 + Xb2+hﬁ+12 + Xb2+b6+10 + 2Xb2+b5+6 + Xb2+he+4 + Xb2+b5+3 + Xb2+11

+X +X

+ sz+9 + sz+8 + sz+7 + sz+5 + sz+1 + Xb4+b6+12 + Xb4+b5+10 + 2Xb4+hs+6 + Xb4+b5+4 + Xb4+b5+3

by +11 b,+9 b,+8 by+7 b, +5

T S T RS U G R R GIET G G B e

Consider the L.r.p. in Q,(G), we have b =6 or c = 6.

Case 2.1.2.1. b =6. For the same reason as in Case 2.1.1.1, we have b,=6
orbg=6

Case 2.1.2.1(a) . b, = 6. By Equation (3), 2c = by+bg+1. Simplifying
Q.(G) and Q,(H),we obtainc=7and b,=30rbs=7.

If b, = 3, we obtain bg=10 and Q,(G) = Q;(H), a contradiction. If bg=7
we obtain b, = 6, a contradiction since 3 <b,< 5.
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Case 2.1.2.1(b). bg = 6. By Equation (3), 2¢c = by+tbs+1. Simplifying
Q;(G) and Q;(H), we obtain c =7 and b,= 3 or bs= 7. Similar to Case
2.1.2.1(a), we obtain a contradiction.

Case 2.1.2.2. ¢ =6. For the same reason as in Case 2.1.1.1, we have b,=6
or bg= 6.

Case 2.1.2.2(a). by = 6. By Equation (3), 2c = by+beg+1. Simplifying
Q;(G) and Q4(H) , we obtain b = 5 and b, = 5. Then, we have
Q,(G) #Q(H), a contradiction.

Case 2.1.2.2(b). bs = 6. Similar to Case 2.1.2.2(a), we obtain a
contradiction.

Case 2.1.3. b,=5. Simplifying Q,(G) and Q,(H), we obtainb=6o0rc =

6. Similar to the proofs of Cases 2.1.1 and 2.1.2, we obtain a contradiction
for each subcases.

Case 2.2. b, = 3. By using similar method as in Case 2.1, we obtain a
contradiction.

Case 2.3. bz= 3. By using similar method as in Case 2.1, we obtain a
contradiction.

Case 2.4. by= 3. By using similar method as in Case 2.1, we obtain a
contradiction.

Case 3. bs# 5, bg# 5. We can prove this case using the similar method as
in Cases 1 and 2.

Case C. Heg.(0(b,b,,by,b,,b),C, ;) where 2<b, <b, <b, <b, <b; and

2<b,. Using a similar method as in Cases A and B, we obtain that G is y-
unique.

This completes the proof. O

Remark. For the detailed proof of Theorem 11, please refer to Karim,
2015.

164 Malaysian Journal of Mathematical Sciences



Chromaticity of 6-Bridge Graph 6 (3,3,b,b,c,c)

4. Conclusion

In this paper, we have investigated the chromaticity of 6(3,3,b,b,c,c)
where 3 < b < c. Therefore, it is natural to consider the general case of such
graph. In the next study, we will consider the chromaticity of the general
case of 6-bridge graph 6 (a,a,b,b,c,c) where 2<a<b<c.
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